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A numerical model for plume rise is used, together with a model of the 
urban mixing layer, to study the effects of the inhomogeneous temperature 
structure of the city of Leeds on the trajectory of effluent plumes. Con- 
sideration is given to chimney location, source strength, city topography, 
areal sources, wind speed and rural ground level temperatures. 
Introduction 
Two-way interactions exist between a plume of effluent 
and the atmospheric environment through which it passes. 
Not only does the presence of a contaminant change the 
chemical composition of the atmosphere but the behaviour 
of the stack plume depends substantially on the prevailing 
meteorological conditions that are present in the atmosphere 
(in addition to the fluid characteristics of the effluent). 
Understanding of these effects is nowhere more important 
than in a densely populated urban environment. 
Plume rise, and subsequent dispersal of pollution, can 
be severely restricted when an atmospheric inversion exists 
at any level above the chimney top. Whether the plume will 
penetrate the stable layer depends upon the magnitude of 
its remnant buoyancy when it encounters the inversion. 
This is a function of the characteristics of both the emitted 
effluent (e.g. momentum, buoyancy) and the atmosphere 
(e.g. environmental lapse rate, height of inversion above 
stack top, turbulent mixing induced by topography). Some 
of these effects have been considered recently in a numerical 
simulation of plumes1 in which the mixing effects of a city 
are included in the third phase of an extended three-phase 
model based on work by Slawson and Csanady293 and 
detailed in references 1 and 4. 
The plume rise model is based on the numerical solution 
of the set of four conservation equations (for mass, buoy- 
ancy, axial and radial momentum): 
dV 
; = 21-“(v,/Zl)(v/M)*“(a+1) (1) 
dM4 
~ = 2(1,/Z,) B V sin @ 
ds 
dB 
- = - (Zl/Z4)N2Vsinq5 
ds 
cosq5 = [(B&-,,/M;) cosq5,,] M*/BV (4) 
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where V, M and B (the flux variables) are related to the 
radius length scale, b, and the centreline values for velocity 
and buoyancy (W and A) by: 
V= ba+‘W M= b(a+l)/*W B = ba+rWA (5) 
The constants Zi (i = 1 to 4) are a function of the assumed 
cross-sectional distribution function, $J is the angle of the 
plume to the horizontal, a = 0 for a line source and unity 
for a point source and the entrainment velocity V, is given 
for the ith phase by Vei: 
v,, = CY’l WI 
v,, = ~~W~o>.t-@) &4L,)1’3 
Ve3 = M’/~d.f(S) k3/JW > H*) 1 
(6) 
(symbols are defined in the Nomenclature at the end of the 
paper). 
Any plume entering the second or third phase will have 
its rise influenced by the topography via the friction 
velocity t”l and the length scale L3 which can be related to 
the height above ground (z + z’) and the height of the 
buildings (ZZ) by:’ 
L3=k(z tz’tfq (7) 
Thus the entrainment velocity (which determines the rate 
of mixing and hence dilution) depends directly on the topo- 
graphy and thus helps to determine the plume rise (as 
discussed below). 
This paper aims to discuss the temperature effects of an 
urban mixing dome by ‘coupling’ this plume rise model 
with a numerical description of an urban mixing layer, 
originally derived for flat terrain5 and later extended to 
cases of irregular terrain.6 
The urban environment 
The diurnal variation of the vertical temperature profile 
in a city is marked. A fully dynamic model to predict 
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case too for as long as an inversion exists at some height,‘j 
although if the depth below the inversion is great assump- 
tions about its well-mixed nature becomes dubious. 
Figure 1 Development of an urban mixing dome of height h, where 
h is a function of time and distance downwind 
Figure 2 Calculated mixing depth for Leeds, z’ + h’ fmetres) 
inversion heights at any time of the day (or night) is as 
yet not possible although some evaluation can be accom- 
plished by use of empirical equations or by use of a nomo- 
gram, e.g. reference 7. For the present, therefore, the 
numerical model must be restricted to times of the day 
when specific temperature conditions exist. This model is 
devised in terms of a well-mixed layer, capped by a stable 
inversion layer. 
In many areas overnight cooling of the rural ground 
around a city produces a well defined ground level inver- 
sion. This may be enhanced by the formation of fog, which 
can accumulate following radiative cooling plus drainage 
from the surrounding hills. This latter phenomenon is 
especially noticeable in many European conurbations where 
the history of industrialization has led to many cities being 
effectively building in a ‘bowl’ (e.g. Leeds) or a valley (e.g. 
LibgelSeraing). 
If a wind now blows the air mass containing the rural 
ground level inversion over the centre of the city, the urban 
heat island tends to distort the streamlines (see Figure I). 
Relatively warm air rising from the city forms a well-mixed 
layer beneath the incoming air mass and forces it to rise 
over the urban heat dome. The model described here 
simulates the origin and development of this typical 
temperature profile as the air mass moves all the way across 
the city forming an urban plume downwind. The model is 
directly applicable to any times when there is a ground level 
inversion upwind of the city (i.e. mainly in the early 
mornings). As radiative heating destroys the inversion then 
the heat dome is effectively strengthened (see Figure I). It 
is shown that the model can be equally well applied in this 
City mixing heights 
By considering the energy balance of a column of air 
advected across the city, Leahey and Friends calculated a 
value for the mixing height, h(x, y). This is the height of 
the dome above a zero level defined arbitrarily (e.g. z = 0 
at the ground level upwind of the city at x = 0). The model, 
which assumes that the wind speed is uniform and steady 
and that all properties (e.g. pollutant concentrations, heat, 
momentum) are well-mixed within the urban dome, has 
been applied successfully, e.g. in reference 8, for cities in 
Canada. 
However, for nonplanar topography, the change in 
potential energy must also be taken into account. This gives 
an expression for the (adjusted) height of the mixing layer, 
h’, above z = 0, as:6 
l?h’ = T,, - (To - I’h)((T, + l’z’)/TJ+ (8) 
where r is the dry adiabatic lapse rate, z’ the height of the 
ground below z = 0, y the lapse rate in stable (upper) air and 
(Y = r - y. The total depth of the mixing layer is thus 
h’ + z’. This is shown for the city of Leeds in Figure 2. 
It should be noted that in the case of (a), an isothermal 
upper layer, y = 0 and h’= h, i.e. the inversion is not 
affected by topography; (b), for extremely stable upper 
layers (y + - -) h’ z h - z’ and the inversion follows the 
ground level changes very closely. 
City plumes 
It is now possible to integrate the urban mixing layer 
model with the plume model (both outlined above) in 
order to undertake a theoretical study of the effects of the 
urban heat island on stack plumes emitted at different 
heights and in different city locations. This model then 
provides a useful predictive tool for the location and 
heights of proposed new chimneys. In this study it is felt 
desirable to investigate (a) the position of the chimney 
and its heat content; (b) the city topography and the 
anthropogenic area sources; (c) meteorological effects such 
as wind speed and direction, changes in rural ground level 
temperature, T1; and to characterize these parameters in 
terms of the centre-line trajectory of the model plume. 
One (possibly important) effect of the changing topo- 
Figure 3 Possible displacement procedures for plumes crossing non- 
planar terrain. Although correction is shown to effective height at a 
large distance downwind, in urban plume model described here, this 
correction must be done continually at each incremental distance, 
dx, downwind. Note that feedbacks thus permitted do not then 
necessarily lead to result for one final correction (as depicted above): 
2; < %Z. (FGD = full ground displacement; IGD = intermediate 
ground displacement)‘0 
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Figure 4 Typical, fully developed urban mixing dome, showing 
recirculation possible within mixed layer 
Tab/e 1 Plume rise (in metres) at 5 km downstream from source. 
(Efflux temperature 300 K, velocity 1 m s-’ wind speed 6 m se’) 
(a) (b) (c) 
Figure 5 (Efflux temp. 290 K) 6 5 4 
(Efflux velocity 0.1 m SC’) 
Figure 6 61 77 70 
Figure 7 78 53 N/A 
Figure 8 (Wind speed 2 m se’) 31 81 155 
Figure 9 69 101 96 
Figure 10 42 63 53 
graphy is not discussed fully here (paper in preparation). 
Figure 1 demonstrates that in the development of an urban 
mixing dome, there is likely to be a vertical displacement of 
streamlines. Such dynamical effects are well known, yet 
not simply quantifiable. For a mixing dome displaced 
vertically a distance Zi, a simple adjustment to the plume 
rise equal to Z; could be made (thus neglecting the observed 
streamline compression when such vertical deviations are 
induced). Alternatively, as discussed in reference 10, several 
schemes are in use for adjusting the (foal) effective height 
H, (see Figure 3, in which is also illustrated the adjustment 
of the change in surface topography Z). A full discussion 
of these schemes and their applicability to an urban plume 
rise model such as this, in which the adjustment should be 
made at each step length downstream as a result of the 
feedbacks to plume mixing described by equations (6) and 
(7) will be the subject of a further paper. 
Furthermore, the existence of an urban heat dome, 
often results in recirculation” (see Figure 4) so that not 
only the wind direction but also the resultant speed may be 
changed. It is for these reasons that we neglect, for the 
present analysis, any calculation of vertical advection 
within the urban plume model. 
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Numerically the linkage is straightforward. The plume 
model requires a vertical temperature profile as a function 
of downwind distance, x. This is provided by the advection 
model. Mixing heights are calculated as mean values over a 
grid square. There is thus either a small discontinuity in 
parametric values as the plume crosses the grid square 
boundary; or the grid value is taken as the centre value and 
linear interpolation is employed. Results given here use the 
former method (and are summarized in Table I). 
Results 
(a) Chimney position and heat content 
Figure 5 demonstrates the behaviour typical of a plume 
of efflux temperature 290 K emitted from a chimney at three 
specific locations in Leeds, with a prevailing westerly wind 
of 6 m s-l. Figure 5a shows the plume path corresponding 
to a chimney sited 5 km downwind from the western 
boundary of the city at point A (Figure 2). In this graph 
the height of the mixing layer and the topography are also 
shown. Figures 5b and c show the corresponding plume 
trajectories for stacks 5 and 10 km further south (locations 
B and C respectively). In all cases the chimney is assumed 
to be 50 m in height. 
In Figure 5a the plume enters the atmosphere just below 
the inversion base and levels off rapidly in the stable air 
mass. Figure 5b and c depict plumes below the inversion 
which rise marginally and insufficiently to penetrate the 
inversion remaining trapped beneath the stable layer adding 
grossly to the pollutant level of the urban mixing layer. 
Typical rise is of the order of 4-5 m over a downwind 
distance of 5 km. 
The heat content of the effluent is typified by the efflux 
temperature. The plume in Figure 5 is one of low buoyancy 
(T, = 290 K, w0 = 0.1 m s-l). For comparison Figure 6 
shows the identical chimneys now emitting effluent at the 
elevated temperature of 300 K,* at a higher velocity of 
1.0 m s-r. This increased buoyancy is evident in the en- 
hanced plume rise. Indeed in Figure 6a the effluent, which 
was originally trapped at the base of the stable layer is 
sufficiently buoyant to rise well into this layer before 
reaching an equilibrium height and in the other locations 
* Although a more typical value is 350-400 K, a relatively cool 
plume (300 K, e.g. some plumes after cleaning/scrubbing) is used 
here so that the trajectory remains fully in either the upper or the 
lower layer so that problems of interactions across the boundary 
are not encountered - these are discussed for instance in reference 
12 
Western boundary,(m) 
Figure 5 Plume paths for emissions 5 km downwind from city edge (wind speed of 6 m SC’, T, = 290 K. w0 = 0.1 m SC’) 
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plumes are buoyant enough to quickly rise 60-70 m, yet 
not sufficiently buoyant to attain the height of the top of 
the urban mixing layer. 
City topography and anthropogenic area sources 
To illustrate the influence of the urban topography and 
anthropogenic heat sources Figure 7 shows two plume 
trajectories at varying distances downwind from the western 
edge of the city along the same latitude line (line DCE - 
20 km to the south of the first location, A). These were 
chosen because either the downwind trajectory of the 
plume crosses large areal heat sources or the emission is 
representative of one part of such a large industrial source. 
The effects of both topography and area1 heat sources are 
clearly seen in the diagram in which plumes emitted at 4 
and 14 km downwind of the western boundary (location 
D, E in Figure 2) are shown. The heat dome builds up 
rapidly over the anthropogenic heat sources thus restricting 
plume rise due to enhanced surface and near surface 
atmospheric temperatures. 
Meteorological effects 
One of the main meteorological factors which deter- 
mines the dilution of a pollutant-laden plume is the wind 
speed. High wind speeds induce better mixing and are more 
likely to contribute to any change in plume height. The 
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effect of decreasing wind speed is illustrated in Figure 8, 
where the wind speed is only 2 m s-l. Reduced mixing of 
plumes trapped beneath the inversion permits more rapid 
rise. 
The temperature structure of the atmosphere is impor- 
tant both in the buoyancy calculation for the plume and 
also in its effect on the height of the inversion. This is 
illustrated in Figures 9 and 10. For plumes in conditions 
corresponding to those of Figure 6, the upwind, rural air 
temperature has been changed by +5 K. (The wind speed 
is 6 m s-l as in Figure 6). In the case of a cooler air 
temperature outside the city (Figure 9) the plume tends 
to rise more, as expected; but this is more obvious in the 
second and third of the three locations. A further consistent 
result is attained when the rural temperature is 13°C (see 
Figure 10). Plume rise is now restricted by the decreased 
buoyancy for all three locations (a difference of up to 
30 m over a distance of 5 km downstream - a change of 
the order of 50%). 
Comments 
Comparison of these results with predictions of plume 
rise in a neutral environment derived from semi-empirical 
equations for total plume rise suggest hat empirical calcula- 
tions may underestimate final rise. However, such formulae 
often assume that the rise is terminated at a distance of 
Figure 6 Plume paths for emissions 5 km downwind from city edge (wind speed of 6 m SC’ , T, = 300 K). (Key as in figure 5) 
Figure 7 Plume paths for emissions at two locations across city (Ts = 300 K). (Key as in Figure 5) 
154 Appl. Math. Modelling, 1981, Vol. 5, June 1981 
Urban stack plumes: A. Henderson-Sellers and B. Henderson-Sellers 
Distance downwtnd from 
western boundary, (m ) 
figure 8 Plume paths for emissions 5 km downwind from city edge (wind speed of 2 m s-‘, T, = 300 K). (Key as in Figure 5) 
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Figure 9 Plume paths assuming rural temperature of 276 K (T, = 300 K). (Key as in Figure 5) 
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Figure 70 Plume paths assuming rural temperature of 286 K (7-s = 300 K). (Key as in Figure 5) 
10 stack heights downstream. This is neither borne out by 
observations nor models (as discussed above). An alterna- 
tive formulation given by Briggs: l3 
(9) 
gives plume rise as a function of distance - an equation 
devised for use within the 10 stack height distance. 
Evaluating equation (9) at 10 stack heights it can be seen 
from TubZe 2 that agreement between equation (9) and the 
numerical model described here at a distance of 500 m 
downstream is reasonable - to within about 50%: a value 
well within the error bars of the models. In fact Briggs14 
comments that plume rise model predictions can often 
differ from each other by a factor of lo! Although Briggs 
does not advocate use of this formula (equation (9)) for 
long range transport, it is interesting to note that at 5000 m, 
it gives AH (for a 300 K effluent emitted at 1 m s-‘) as 
68 m - in acceptable agreement with the numerical calcula- 
tions displayed in Table I. 
An indication of the complex feedbacks further intro- 
duced by considering the vertical advection caused by an 
alternation to the streamlines as the air flows over irregular 
terrain is given in Figure II where some of the schemes 
discussed above are used in trajectory calculations using 
the emission and meteorological data of Figure 8. A full 
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Tab/e 2 Plume rise (in metres) at 500 m downstream from source. 
(Efflux temperature 300 K; velocity 1 m SC’; wind speed 6 m 5-l) 
7-s T, (aI (b) (cl Eon 19) 
cf Figure 6 300 281 26.8 26.0 25.1 14.7 
cf Figure 9 300 276 23.9 30.7 30.0 16.0 
cf Figure 10 300 286 17.3 20.6 19.7 13.2 
5000 6000 7000 8000 9000 10000 
Dlstonce downwlnd , Cm) 
Figure 7 7 Four possible displacement schemes shown in Figure 3: 
FDG (plume a); IGD (plume b); Zi (plume cl; Z (plume d), imple- 
mented at each step downwind for emission of Ts = 300 K, 
w0 = 1 .O m s-’ at location 8 (see Figure 2) with a wind speed of 
2 m s-r (cf. Figure 8). Plumed shows trajectory adjusted by full 
displacement of ground level Z 
analysis of this complex and interesting topic will be the 
subject of a later paper. 
These figures indicate the complexity of plume behaviour 
in an urban environment. As a strictly theoretical study this 
work produces results which are expected from qualitative 
arguments but provides the additional advantage of provid- 
ing quantitative results in a situation for which data collec- 
tion is an extremely difficult and costly task - although it 
is hoped that some steps towards solution of this practical 
problem can soon be taken. 
Conclusions 
The theoretical (numerical) model for a forced plume has 
been implemented to study the effects of a large con- 
glomeration of anthropogenic heat sources in a nonplanar 
topographic situation. The Leeds’ heat island is taken as an 
example for the advection model for prediction of vertical 
temperature profiles across the city. The effects of the heat 
island have been examined in terms of the centreline trajec- 
tory of a plume emitted from a 50 m high chimney. (Effects 
of choice of chimney height will be the subject of a later 
paper.) It is found that the topography and the mixing depth 
play an important role in the rise of an effluent plume. The 
location of a chimney in an urban environment determines 
directly whether, under specified meteorological conditions, 
the plume is trapped or is rapidly grounded. These effects 
are not, as yet, taken regularly into account in chimney 
design and selection of stack height. It is hoped that this 
model provides an initial step towards a better comprehen- 
sion of such problems. 
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Nomenclature 
a 
al, a2 
b 
f”(S) 
g 
h 
h’ 
H 
H* 
H, 
Ii 
k 
L L3 
M 
N2 
P 
PO 
R 
i 
T, 
TO 
Tl 
T, 
; 
u 
V 
v, 
V, 
constant to indicate number of dimensions of 
plumes 
constants in second and third phases 
radius length scale 
buoyancy parameter 
stability function 
acceleration due to gravity 
height of well-mixed layer over flat terrain 
height (i.e. with respect to z = 0 level) of top of 
well-mixed layer in the case of irregular terrain - 
well-mixed layer depth equals h’ + z’ 
height of buildings 
minimum size for large scale atmospheric eddies 
effective height of plume assuming planar terrain 
shape constants 
von Karman’s constant y 0.4 
length scales for second and third phases 
momentum flux parameter 
Brunt-Varsala frequency 
turbulent Prandtl number 
neutral value of turbulent Prandtl number 
radius of stack 
coordinate in direction parallel to plume axis 
stability parameter (Richardson number) 
temperature effluent 
temperature at level z = 0 
ground level temperature upwind of city 
temperature of atmosphere at stack height 
friction velocity 
wind speed 
mass flux parameter 
total entrainment velocity 
entrainment velocity in ith phase (i = 1, 2,3) 
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w 0 
W 
X 
Y 
2 
Z’ 
Z 
zi 
efflux velocity 
axial velocity of plume 
distance downstream 
distance across city 
height above arbitrary zero level 
height of ground below z = 0 level (i.e. measured 
positive vertically downwards) 
total rise (above zero level) of ground level at 
selected distance downwind 
vertical displacement of mixing dome at selected 
distance downwind 
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cl potential temperature gradient in stable air 
(Y’ entrainment coefficient 
Y lapse rate in stable air 
r lapse rate in well-mixed layer 
A axial buoyancy parameter 
AH plume rise 
angle between plume axis and horizontal axis 
top of stable air mass 
subscript zero indicates initial values (i.e. at point of efflux). 
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